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Thinking about lists...

L(X) finite lists on a set X The set of lists of length 3 on X = 7Z
. Consider: the set of lists on X of length 3. [1’ S, _1]' .
This is just X X X X X. [3:_2» 9]:
10,0,12],

[_4l _1l 1])




Thinking about lists...

L(X) finite lists on a set X The set of lists of length 3 on X = 7Z

Consider: the set of lists on X of length 3. [1’ S, _1]'

This is just X X X X X. [3:=2,81,
10,0,12],

_41 _1; 1 )
Therefore: L(X) = Z X" [ ]

neN




It’s a polynomial! t

X P L(X) 1s a functor Set — Set Usual polynomials:
P vl
. It has a particular shape: L(X) = z X" 8 .
neN z X
i€l
: for I = {1,2,3},
It is a polynomial functor. AR e e e

Let’s generalize!

L(X): lists on a set X




List objects in general

e List object L(X)

In a category with finite products:

Inductively define f : A X L(X) = B
* f(a,0) =g(a)
P e ) — h(a,x,f,f(a))

. e Empty list 1 » L(X)

* Append operation X X L(X) = L(X)

A x L(X)

(Ida, (g ) )
A / lf
T

Ax X x L(X)

s

AXx X X L(X)x B

Id X
A7 » A X L(X)
Jf
>» B




List objects in general i

If a category C has finite products, and for each object X there is a list object
L(X), then we can form a functor:

. L € o X 5 LX)

Is this a polynomial functor?




What 1s a polynomial functor?

S
e

‘;332?;“




Internal language ot slice categories

In a slice category C /A, an object CBal . Ba, - Py - -
f + B = Ais thought of as a .. O @ O
collection of sets indexed by A: ®
= %) | o
L DAY >
(B laed)
f'
cc Ba > f'—l(a) Y for“ag €A i
e 0 ©
aq a, as




Adding syntax

If f: B —> Aisdenoted (B, |la € A), CBal . Ba, = By S .
how should we interpret the following O ® ®lg ®
notation? @ —
?®e]e |o | N
z B, — A J .
acA f
A
® & o
aq a, as
In the slice category C/A




Adding syntax

If f: B —> Aisdenoted (B, |la € A), CBal . Ba, = By S .
how should we interpret the following O ® ®lg ®
notation? ®
?®ele o | |IN

z B, =B ST WA J o

aea f
Tihete s funchor Xie $16 /4 = € siven by A
(f B~ A)~ B w e

a, a; as

e (Ba s A) e In the slice category C/A

T e



Adding syntax

How should we interpret the following notations? What 1s the corresponding

f:B > Az
. ¢ ChhaE 4

* (Xla€eA)

* (C,xXDy|lae€A)

In the slice category C/A

T ——— . - e e e - T ————



Adding syntax

How should we interpret the following notations? What 1s the corresponding

f:B > Az
A A
- s (g ey *Ild:A-> A e — @ .
e 0
s X[ ae d) o — | O
S 0P haed)
In the slice category C/A




Adding syntax

How should we interpret the following notations? What 1s the corresponding

f:B > Az
X XA A
. s (e &) e Jd:A— A A=t @ -
X|— | @
* (XlaeAd) *m,: X XA A Xy | @
* (C,xXDy|lae€A)
In the slice category C/A

T ——— . - e e e - T ————



Adding syntax |

How should we interpret the following notations? What 1s the corresponding

f:B-A?
. s (LfaEd) e Jld:A-> A -
* (XlaeAd) *m,: X XA A
¢ (€ XD.lacd) ¢ C <. DA
In the slice category C/A




Slices of categories with finite limits i

If C has finite limits, then so does C/A.

. There is a functor Ay : C = C/A givenby X - (115 : X X A - A).
Or: X (X|a€eA).




Adding syntax |

If g:C—> Aand f : B = A are represented by (C, | a € A) and
(B, | a € A), respectively, how should we interpret the following notation?

. ((C)Bala € A)

In the slice C/A of a category C with finite limits




Adding syntax i

If g:C—> Aand f : B = A are represented by (C, | a € A) and
(B, | a € A), respectively, how should we interpret the following notation?

((CHB>1a€ A)

The exponential of g and f in C/A (if it exists!)

Recall: f is exponentiable (in C/A) if the exponential g/ exists for any g. In
this case, we have a functor (=) : €/A — C/A.

In the slice C/A of a category C with finite limits

T —— . T - — T . —————



Polynomial functors, tinally!

Let f : B = A be an arrow in a category C with finite limits. Assume f is
exponentiable in C/A.

Write f in the internal language of C/A as (B, | a € A ). The polynomial
functor Py associated to f is:

A ) 5
C £ . ¢4 ) . C/A =

X e d) e (e e e Ay C ZXBa

acA




The list polynomial?

A functor P : C — C is polynomial if P = P for some f : B — A (which
must be exponentiable in C/A).

. So...is L : X » L(X) polynomial?

Ps: the polynomial functor associated to f
L(X): list object on an object X




The list polynomial?

We claim L(X) = Z X" . That means L : X = L(X) is isomorphic to the
neN
polynomial functor associated to the arrow (n | n € N ) in C/N.

* What is N?

* What arrow E = N corresponds to (n | n € N)?

L(X): list object on an object X
The polynomial functor associated to (B, | a € A) is X » Y., XBa




The list polynomial?

What arrow E = N corresponds to (n | n € N)? / \

= :

O
Do

v v v
N 0 1 2

N: an object which acts like the natural numbers

w <




The list polynomial?

E={mn):m=<n}
. nf :E—>N

(2,0) (2,1) (2,2) (2,3)
(1,0) (1,1) (1,2) (1,3)
(0,0) (0,1) (0,2) (0,3)

What arrow E = N corresponds to (n | n € N)? / \

n

E

O
Do

v v v
N 0 1 2

N: an object which acts like the natural numbers

w <




The list polynomial (supposedly)

We claim that 75 : E = N is exponentiable, and that the functor L : X — L(X)
is isomorphic to:

A )75 )
C ~ . ¢/N Sl = ¢

X ———+ (X|neN) F——— (XE|neN) —— ZX"

neN

How do we prove this? e ,
L(X): list object on an object X

N: an object which acts like the natural numbers
T[g : E = N is an arrow which intuitively satisfies (ﬂg)_l(n) —S R

T ———— P — . —— EDNR——



The right adjoints

length(@) = 0,

Consider the decomposition L = Xy o Ly: length(x :: £) = length(£) + 1

Ly : X » (length : L(X) - N) Y .
C - C/N = ¢
Ay () 5
GNP S G/N = /N LN
N my X (=)
L(X): list object on an object X
N: an object which acts like the natural numbers
In:(A->N)» A, Ay: X+ (r,: XXN->N)




In short: t

To prove the list object functor is polynomial, we just need to show that

LN-C—>€/N

. X » (length : L(X) » N)

is a right adjoint to

% A el
e - @N 2, C/N

ExyA < | (A > N)




Basic strategy

We construct a natural transformation (&€y : E Xy L(X) = X)x (which will
be the co-unit) and show it satisties the appropriate universal property:

Foreveryly : A > Nandevery g : E Xy 4 — X,
there exists a unique h : A = L(X) such that
lengthoh =1y and ey o (Id Xy h) = g.




Requirements

We need to make the following assumptions about the category C:

* C has all finite limits and list objects




Requirements |

We need to make the following assumptions about the category C:

* C has all finite limits and list objects

. * C 1s extensive, though we can weaken this assumption to the following:

TX X
A0—>A<—A>0 1 —0 % [(X) 1 X x L(X)
llA l J{ Llen X llen X O 7o
1L—>N<—N LN VPR, N




In an extensive category with finite limits and list
objects, the list object functor 1s polynomial




In an extensive category with finite limits and list
objects, the list object functor 1s polynomial

Thanks for listening!
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